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CONVERGENCE OF LOCALLY DIVERGENCE-FREE
DISCONTINUOUS-GALERKIN METHODS FOR THE INDUCTION EQUATIONS

OF THE 2D-MHD SYSTEM ∗

Nicolas Besse1 and Dietmar Kröner2

Abstract. We present the convergence analysis of locally divergence-free discontinuous Galerkin
methods for the induction equations which appear in the ideal magnetohydrodynamic system. When
we use a second order Runge Kutta time discretization, under the CFL condition ∆t ∼ h4/3, we obtain
error estimates in L2 of order O(∆t2 + hm+1/2) where m is the degree of the local polynomials.
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1. Introduction

The magnetohydrodynamic (MHD) equations modelize electrically conducting fluid flow in which the elec-
tromagnetic forces can be of the same order or even greater than hydrodynamic ones. The ideal MHD system
which combines the equations of gas dynamics with Maxwell equations in which relativistic, viscous and resistive
effects are neglected can be written in the following three dimensional conservative form

∂tρ + ∇ · (ρu) = 0 (mass conservation)

∂t(ρu) + ∇ ·
(
ρu ⊗ u +

(
p + 1

2 |B|2
)
I − B⊗ B

)
= 0 (momentum conservation)

∂tB + ∇ · (u ⊗ B− B ⊗ u) = 0 (induction equation)

∂t(ρe) + ∇ ·
((

ρe + p + 1
2 |B|2

)
u− B(u · B)

)
= 0 (energy conservation)

∇ · B = 0 (divergence constraint)

where ρ is the density, u the velocity field, B the magnetic field, p the pressure, e the total energy and I identity
matrix. If the initial data are divergence free, that is to say that ∇ ·B0 = 0, then an exact solution will satisfy
this constraint for all the times. For smooth solution this is obvious because the induction equation can be
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rewritten as ∂tB + curl(B×u) = 0 and we have the identity ∇ · (∇× ·) = 0. The numerical preservation of the
∇ · B = 0 condition is an important and much debated problem for numerical MHD codes [3, 4, 10–12, 21, 23].
Because ∇·B errors arise in numerical simulations and may increase in time, numerical instabilities can appear
and lead to unphysical behaviour of the system. For example numerically incorrect magnetic field topologies lead
to unphysical plasma transport orthogonal to the magnetic field. The non enforcement of the ∇ · B constraint
leads to the loss of momentum and energy conservation and allows fictitious forces to develop parallel to the
magnetic field. These effects are discussed in [3, 4].
In this paper we present the convergence analysis and error estimates of locally divergence-free Runge Kutta
discontinuous Galerkin schemes for smooth solutions of the two dimensional induction equation which arises in
the MHD system

∂B
∂t

+ curl(B× u) = 0 (1)

where B = (Bx(t,x), By(t,x)) is the magnetic field, and u = (ux(t,x), uy(t,x)) is the velocity field, with the
notations x = (x, y). We assume for this paper that the velocity field u is given.
The construction and the convergence analysis of this discontinuous Galerkin method rest on three ingredients.
First we rewrite the induction equation as a Friedrichs system. Then we write a discontinuous Galerkin formula-
tion of this new system in which we choose upwind flux as definition of the flux at the cell interface. In order to
have a locally divergence free scheme we use piecewise solenoidal functions that are totally discontinuous across
interface cells but which are pointwise divergence free on each element. This basis functions were developed in
[2, 17] in the context of nonconforming finite element method for the stationary Navier-Stokes equations and
were also used in [18]. We also use the Nedelec finite element in H(curl) [20] in two dimensions which is obtained
by rotating the Raviart-Thomas element [22] by π/2. Then we used the framework developed in [6,26] to show
the convergence and obtained error estimates for our scheme. In [7] the authors develop a locally divergence free
discontinuous Galerkin scheme for numerically solving the Maxwell equation. They also show an error estimate
of the form O(hk+1/2) where k is the degree of the local polynomials for a scheme semi-discretized in space only.

2. The numerical scheme

2.1. The Friedrichs formulation

Thanks to the divergence constraint, ∇ ·B = 0, the induction equation (1) can be rewritten as the following
Friedrichs system:

∂B
∂t

+
∂(AxB)

∂x
+

∂(AyB)
∂y

+ CB = 0 in Ω × [0, T ], (2)

where

Ax(t,x) =
(

ux(t,x) 0
0 ux(t,x)

)
, Ay(t,x) =

(
uy(t,x) 0

0 uy(t,x)

)
,

and

C(t,x) = −
(

∂xux(t,x) ∂yux(t,x)
∂xuy(t,x) ∂yuy(t,x)

)
.

Sometimes we will use the notation (v1, v2) instead of (vx, vy) where v is a vector or matrix fields. For suitable
boundary conditions on ∂Ω Friedrichs [14] has proved the existence and uniqueness in L2(Ω) of a weak and
strong solution to (2), under appropriate smoothness conditions and the additional assumption

C + CT +
∂Ax

∂x
+

∂Ay

∂y
≥ α I, in Ω, (3)

with α a strictly positive constant. We suppose that u ∈ L∞(0, T ; C∞(Ω)), ∇ · u ∈ L∞(0, T ; L∞(Ω)) and
C ∈ L∞(0, T ; C∞(Ω)). We recall that if B0 ∈ Hs(�2) with s ∈ �, then the system (2) admits a unique weak
solution B ∈ C 0

(
[0, +∞[;Hs(�2)

)
∩C 1

(
[0, +∞[;Hs−1(�2)

)
(see [1]). In particular, if s > 2 the weak solution

lies in C 1
(
[0, +∞[×�2

)
and is in fact a classical solution.
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Remark 1. The condition (3) can be easily satisfied by using B̃(t,x) = e−λtB(t,x), with λ > 0 instead of B.
Then B̃ satisfies

∂B̃
∂t

+
∂(AxB̃)

∂x
+

∂(AyB̃)
∂y

+ C̃B̃ = 0 in Ω × [0, T ], (4)

where C̃ = C + λ I. Since we assume ∇u ∈ L∞(Ω) we can choose λ sufficiently large such that condition (3) is
satisfied for (4).

2.2. The approximation spaces

First we introduce the space �∞(0, T ; X) defined by

�∞ (0, T ; X) :=
{

f : {t0, ..., tNT } → X | ||f ||�∞(0,T ;X) = max
1≤n≤NT

||f(tn)||X < ∞
}

where X denotes a functional space. For a subdomain D ⊂ Ω, Hm(D) denotes the usual Sobolev space which
is a Hilbert space with the inner product (u, v)m,D =

∑
|α|≤m

∫
D ∂αu∂αvdx, u, v ∈ Hm(D) and the square

of seminorm |v|2Hm(D) =
∑

|α|=m

∫
D
|∂αv|2 . Then we define the space Hm(D) = (Hm(D))2 with inner product

(v,w)m,D =
∑2

i=1(vi, wi)m,D, and the solenoidal vector fields Sm(D) = {v ∈ Hm(D) | ∇ · v = 0 in D} ,
m ≥ 1. Let Th a family of partitions of Ω that possesses properties described in [2, 17]. For integer k ≥ 0,
�

k(D) will denote the linear space of polynomials in two variables, of degree less than or equal to k on D. Then
we define �k(D) =

(
�

k(D)
)2 and V k(D) =

{
v ∈ �k(D) | ∇ · v = 0 in D

}
. We have V k(D) ⊂ Sm(D) for all

m ≥ 1. For k ≥ 0 we define V k
h (Ω) =

∏
K∈Th

V k(K) where K is a finite element (or cell) and N the number
of finite elements. The way of constructing local bases for V k and hence for V k

h are described in [2, 17]. For
example, for k = 1 the bases functions can be constructed using the set of functions

Ξ1 =
{(

1
0

)
,

(
0
1

)
,

(
y
0

)
,

(
0
x

)
,

(
x
−y

)}
.

To obtain a basis function for k = 2 it suffices to augment the above set by

Ξ2 =
{(

y2

0

)
,

(
0
x2

)
,

(
x2

−2xy

)
,

(
−2xy
y2

)}
.

Then we see that the basis functions for the approximation space V k
h can be constructed by adding suitable

terms to V k−1
h .

Remark 2. In the case where Th is a triangulation in�2 the spaces V k(K) are equivalent to the spaces RT 0
k (K)

defined by RT 0
k (K) = {v ∈ RTk(K) | div v = 0}, where RTk(K) is the usual Raviart-Thomas space on K used

to approximate H(div). In fact each element of V k(K) or RT 0
k (K) is constructed as the curl of a stream function

which belongs to �k(K) and the dimension of the both space is equal to dim (�k(K) − 1) = (k + 1)(k + 4)/2.

The spaces V m
h possess optimal approximation properties in relation to the spaces Sm(Ω) which has been

proved in [2]. We recall some of those.

Theorem 1. Let m ≥ 0. If v ∈ Hm+1(K), then there exists χ ∈ �m(K) such that

‖v − χ‖Hj(K) ≤ Chm+1−j
K |v|Hm+1(K), 0 ≤ j ≤ m + 1

where hK is the diameter of the largest ball contained in the cell K.
Let m ≥ 0. If v ∈ Sm+1(K), then there exists χ ∈ V m(K) such that

‖v − χ‖Hj(K) ≤ Chm+1−j
K |v|Hm+1(K), 0 ≤ j ≤ m + 1. (5)
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Proof. See [2]. �
Now we define the local L2 projection operator πh from Sm(Ω) onto V k

h (Ω), with m ≥ 1 by the equations
πh =

∑
K∈Th

πK�K(x) and
∫

K

(πKv − v) · φ = 0, ∀φ ∈ V k(K), ∀K ∈ Th. (6)

where �K(x) denotes the characteristic functions of K which is equal to 1 on K and 0 elsewhere. Thanks to
the properties of the partition Th (see [2]) there exists a constant σ such that hK ≤ σh, ∀K ∈ Th. For example
we can take h = minK∈Th

hK . Then we have the following approximation result.

Theorem 2. Let Th be a partition of Ω satisfying the properties assumed in [2], i.e.
i) ∪K∈Th

K = Ω, K ∩ Q = ∅, K, Q ∈ Th, K �= Q.
ii) ∃ µ1 a constant independent of N and K ∈ Th such that ρK ≤ µ1hK where ρK is the diameter of the

smallest ball containing K.
iii) ∃ µ2 a constant independent of N and K ∈ Th such that hQ ≤ µ2ρK whenever Q and K have a common

1-dimensional interface.
iv) K is a regular domain in �2, i.e. the divergence theorem holds on K.

If v ∈ Sm+1(Ω) then there exists a constant C such that

‖πhv − v‖L2(Ω) ≤ Chm+1|v|Hm+1(Ω). (7)

Moreover we have the following inverse inequalities

|vh|H1(K) ≤
C

h
‖vh‖L2(K), |vh|L2(∂K) ≤

C

h1/2
‖vh‖L2(K), ∀vh ∈ V m(K) (8)

and the following approximation result

‖πhv − v‖Hs(K) ≤ Chm+1−s|v|Hm+1(K), ∀v ∈ Sm+1(Ω) s ∈ �+, s ≤ m + 1. (9)

Proof. See Appendix 5. �
Now we introduce another discontinuous interpolation operator Πh based on the two-dimensional Nédélec

element in H(curl) (see [20]). Let �̃k denote the space of homogeneous polynomials of degree k in �2 and con-
sider the following subspace of�k, Rk = �k−1⊕Sk where Sk is defined by Sk = {p ∈ �̃k; p(x)·x = 0, for all
x = (x1, x2)}. Then we define W k(K) = {v ∈ Rk(K)} and W k

h (Ω) =
∏

K∈Th
W k(K). Following [15], if we define

the two sets of moments of v ∈ Hs with s ≥ 1/2 on K: Me(v) = {
∫

e(v×νe) q dΓ ∀q ∈ �k−1(e) for all edges e

of K} where νe is the outward unit normal to the edges e of K, and MK(v) =
{∫

K
v · qdx, ∀q ∈ �k−2(K)

}
,

then a vector field v of Rk is entirely determined in a triangle K by its two sets of moments: Me(v), MK(v).
Moreover the tangential components of v on a given edge e of K depend only the moments Me(v) defined on
that edges. Besides we have the following approximation properties (see [15, 20]):

Lemma 1. Let v ∈ Hm(curl; Ω), then there exists a constant C independent of h such that

‖v − Πhv‖L2(K) ≤ Chm |v|Hm(K) (10)

‖v − Πhv‖H(curl;K) ≤ Chm
(
|v|Hm(K) + |curl v|Hm(K)

)
(11)

and
‖(v − Πhv) × νe‖Hs(e) ≤ Chm−s |v|Hm(e) , ∀e ∈ ∂K s ≤ m (12)

with Πhv|K = ΠKv where ΠKv ∈ Wm(K) is determined by MK(ΠKv − v) = {0}, and Me(ΠKv − v) = {0}.
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If m = 1 then R1 = �
0 ⊕ S1 where S1 = span(x⊥) and then it is obvious that div R1 ≡ 0. Then the

vector fields of R1 is divergence free. Unfortunately the spaces Rk with k > 1 are not divergence free spaces.
Now we present a trace result and a continuous embedding which will be useful later. Let K a convex polygon
with Lipschitz boundary in �2. First we define the space V(K) and W(K) by W(K) = {v ∈ H(curl; K)∩
H(div;K), v × ν ∈ L2(∂K)} equipped with the norm ‖v‖W(K) = ‖v‖L2(K) + ‖curl v‖L2(K) + ‖div v‖L2(K) +
‖v × ν‖L2(∂K) and V(K) = {v ∈ H(curl; K) ∩ H(div;K), v · ν ∈ L2(∂K)

}
equipped with the norm

‖v‖V(K) = ‖v‖L2(K)+‖curl v‖L2(K)+‖div v‖L2(K)+‖v · ν‖L2(∂K) . It is proved in [8,9] that V(K) = W(K) and
then that the mapping v −→ γ0v defined on D(K) has a unique linear continuous extension as an operator from
W(K) onto L2(∂K), where γ0v is the boundary values of v on ∂K. Now let us define
Q(K) = {v ∈ H(curl; K) ∩ H(div;K), v × νe ∈ H1/2(e) ∀e ∈ ∂K

}
equipped with the norm

‖v‖Q(K) = ‖v‖L2(K) + ‖curl v‖L2(K) + ‖div v‖L2(K) +
∑

e∈∂K ‖v × νe‖H1/2(e) . Then we have the following
theorem where a proof can be found in [13]

Theorem 3. Let K be a convex polygon in �2 with Lipschitz boundary. Then we have the continuous embedding:

Q(K) ↪→ H1(K). (13)

2.3. The discontinuous Galerkin method

In this section we describe our discontinuous Galerkin method. If we take the scalar product of the equa-
tion (1) with a test function ϕ, integrate the scalar product on a cell K and use the following Green formula

∫

K

v∂iwdx = −
∫

K

w∂ivdx +
∑

e∈∂K

∫

e

wvνi
e,KdΓ (14)

where νe,K = (ν1
e,K , ν2

e,K)T = (νx
e,K , νy

e,K)T denotes the outward unit normal to the face e of K, we obtain

∂t

(∫

K

B · ϕdx
)
−

2∑

i=1

∫

K

AiB · ∂iϕdx +
2∑

i=1

∑

e∈∂K

∫

e

AiB · ϕνi
e,KdΓ +

∫

K

CB · ϕdx = 0. (15)

Now we replace respectively B and ϕ by Bh and ϕh in (15) where Bh, ϕh ∈ V k
h (Ω). Nevertheless the

terms arising from the boundary of the cell K in (15) are not well defined or have no sense since Bh and
ϕh are discontinuous on the boundary ∂K of the element K. Then we replace these terms by a numerical
upwind flux that we are going to define in the following lines. Let us define Ae,K(t,x) =

∑2
i=1(Ai)|eν

i
e,K and

Ce,K(t,x) = −(Ae,K(t,x))−, De,K(t,x) = (Ae,K(t,x))+ where A− and A+ denote respectively the negative
and the positive part of A. Then we define the upwind numerical flux g(νe,K ,v,w) = −Ce,Kw + De,Kv.
By noting that |A| = A+ − A− and A = A+ + A− we can rewrite g(νe,K ,v,w) as the Lax-Friedrichs flux
g(νe,K ,v,w) = Ae,K

(v+w)
2 − |Ae,K | (w−v)

2 , where v (resp. w) denotes the interior (resp. exterior) value of the
solution from the cell K. Now we obtain the following semi-discretized scheme in space

∂t

(∫

K

Bh · ϕhdx
)
−

2∑

i=1

∫

K

AiBh · ∂iϕhdx +
2∑

i=1

∑

e∈∂K

∫

e

g(νe,K ,BK ,BKe) · ϕKdΓ +
∫

K

CBh · ϕhdx = 0

for all ϕh ∈ V k
h where Ke is the neighbourhood of K along the face e. Let T be the final time and ∆t = T/NT

the time step. Now we use a second order Runge-Kutta scheme for the discretization in time. Then the fully
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discretized scheme reads
∫

K

Yn
h · ϕhdx =

∫

K

Bn
h · ϕhdx + ∆tFn

K(Bn
h, ϕh) (16)

∫

K

Bn+1
h · ϕhdx =

∫

K

(
1
2
Bn

h +
1
2
Yn

h

)
· ϕhdx +

∆t

2
Fn+1

K (Yn
h , ϕh) (17)

where

Fn
K(W, ϕh) =

2∑

i=1

∫

K

An
i Wn · ∂iϕhdx +

2∑

i=1

∑

e∈∂K

∫

e

gn(W)e · ϕKdΓ −
∫

K

CnWn · ϕhdx

with

gn(W)e = gn(νe,K ,Wn
K ,Wn

Ke
) = An

e,K

(Wn
K + Wn

Ke
)

2
− |An

e,K |
(Wn

Ke
− Wn

K)
2

(18)

and An
e,K = Ae,K(tn,x), Cn = C(tn,x). Let X k be V k or W k. If we expand Bh and ϕh, that is to say

Bn
h(x) =

∑

K∈Th

Bn
K(x)�K(x), Bn

K(x) =
dim(Xk)∑

i=1

σi,n
K Ψi(x), Yn

K(x) =
dim(Xk)∑

i=1

θi,n
K Ψi(x)

with Ψi ∈ X k, then we obtain the scheme





[ΘK ]n = [ΣK ]n + ∆tLn
K([Σh]n)

[ΣK ]n+1 =
1
2

([ΣK ]n + [ΘK ]n) + ∆tLn+1
K ([Θh]n)

where [ΣK ]n =
(
σ1,n

K , . . . , σ
dim (Xk),n
K

)T

, [Σh]n =
(
σ1,n, . . . , σcard(Th)dim(Xk),n

)T

and for all i ∈ {1, ..., dim(X k)}

[Ln
K ([Σh]n)]i =

2∑

l=1

dim(Xk)∑

m,j=1

σj,n
K

∫

K

An
l (x)Ψj(x) ·

(
M−T

K

)
m,i

∂lΨm(x)dx

+
2∑

i=1

∑

e∈∂K

∫

e

dim(Xk)∑

m,j=1

[σj,n
K Dn

e,K(x(Γ)) − σj,n
Ke

Cn
e,K(x(Γ))]Ψj(x(Γ)) ·

(
M−T

K

)
m,i

Ψm(x(Γ))dΓ

−
dim(Xk)∑

m,j=1

σj,n
K

∫

K

Cn(x)Ψj(x) ·
(
M−T

K

)
m,i

Ψm(x)dx

with (MK)ij =
∫

K Ψi(x) · Ψj(x)dx.

3. Analysis of the semi-discretized scheme in space

In this section we show the L2-stability, the convergence and present some error estimates for the semi-
discretized scheme in space, continuous in time.

Theorem 4. Let u and B0 sufficiently, regular, typically we consider that u ∈ L∞ ([0, +∞[; W 1,∞(�2)
)

and
B0 ∈ Hm+1(�2) then there exists a constant C = C(‖∇u‖L∞([0,T ]×Ω), T ) independent of h such that

‖Bh‖L∞(0,T ;L2(Ω)) ≤ C‖Bh(0)‖L2(Ω),
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where Bh(0) ∈ V m
h or Bh(0) ∈ Wm

h with m = 1. Let [Bh]e be the jump of Bh across an edge e of Eh, the set of
all the edges of the partition Th then, there exists a constant C = C(‖∇u‖L∞([0,T ]×Ω), T, ‖B‖L∞(0,T ;Hm+1(�2)))
independent of h such that

‖B− Bh‖L∞(0,T ;L2(Ω)) +

√√
√
√
∫ T

0

∑

e∈Eh

∫

e

|Ae|[Bh]e · [Bh]edΓdt ≤ Chm+η

where η = 1
2 if Bh ∈ V m

h and η = − 1
2 if Bh ∈ Wm

h with m = 1.

Proof. The stability result is proved in the Appendix 5. We will show simultaneously the convergence of the
scheme and derivate some error estimates. First we begin to derivate estimates which are valid as well for
Bh ∈ V m

h than Bh ∈ W 1
h . Then we continue the proof by distinguishing the case where Bh ∈ V m

h and the case
where Bh ∈ W 1

h . First by noting that

Lh(Bh, ϕh) = 0 and Lh(B, ϕh) = 0 ∀ϕh ∈ V m
h (Ω) or ∀ϕh ∈ W 1

h (Ω)

then
Lh(eh, ϕh) = 0, ∀ϕh ∈ V m

h (Ω) or ∀ϕh ∈ W 1
h (Ω) (19)

where eh = B−Bh. By noting that πhBh = Bh and πheh − eh = πh(B−Bh)− (B−Bh), then using (19) we
obtain

Lh(πheh, πheh) = Lh(πheh − eh, πheh) = Lh(πhB− B, πheh). (20)
From the stability analysis done in Appendix 5 the left hand side of (20) is the expression

Lh(πheh, πheh) =
1
2
‖πheh(T )‖2

L2(Ω) −
1
2
‖πheh(0)‖2

L2(Ω) +
1
2

∫ T

0

∑

e∈Eh

∫

e

|Ae|[πheh]e · [πheh]edΓdt

+
∫ T

0

∫

Ω

Cπheh · πhehdxdt +
1
2

∫ T

0

∫

Ω

∇ · u‖πheh‖2
2dxdt. (21)

Now it remains to estimate the right hand side of (20) that is to say find an estimate for

Lh(πhB− B, ϕh), ∀ϕh ∈ V m
h (Ω) or ∀ϕh ∈ W 1

h (Ω).

Let us decompose Lh(πhB− B, ϕh) in several terms which will be estimated in the sequel.

Lh(πhB− B, ϕh) =
∫ T

0

∫

Ω

∂t(πhB − B) · ϕhdxdt (22)

−
2∑

i=1

∫ T

0

∫

Ω

Ai(πhB − B) · ∂iϕhdxdt (23)

−
∫ T

0

∑

e∈Eh

∫

e

g(πhB− B)e · [ϕh]edΓdt (24)

+
∫ T

0

∫

Ω

C(πhB − B) · ϕhdxdt. (25)

Case where Bh ∈ V m
h

From the definition of πh for the term (22) we have
∫ T

0

∫

Ω

(πh(∂tB) − ∂tB) · ϕhdxdt = 0. (26)
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Now we define a new projection operator Ph by

(Phg)|K = PKg =
1
|K|

∫

K

gdx, ∀g ∈ L1(Ω) ∩ W 1,∞(Ω), and Ph =
∑

K∈Th

PK�K .

Then by Taylor expansion it can be easily shown that there exists a constant C independent of h such that

‖Phg − g‖L∞(Ω) ≤ Ch‖g‖W 1,∞(Ω). (27)

Then the i-th term of (23) can be recasted in

−
∫ T

0

∫

Ω

Ai(πhB− B) · ∂iϕhdxdt =
∫ T

0

∫

Ω

(PhAi −Ai)(πhB − B) · ∂iϕhdxdt

−
∫ T

0

∫

Ω

(πhB− B) · PhAi∂iϕhdxdt =
∫ T

0

∫

Ω

(PhAi −Ai)(πhB − B) · ∂iϕhdxdt (28)

because Ai is symmetric, PhAi∂iϕh = Phui∂iϕh ∈ V m
h (Ω) and because of the definition of πh. Now we give an

estimate for the term (28). Thanks the approximation properties (7) and (27), the inverse properties (8), and
the Cauchy-Schwarz inequality we obtain

∣
∣∣
∣
∣

∫ T

0

∫

Ω

(PhAi −Ai)(πhB− B) · ∂iϕhdxdt

∣
∣∣
∣
∣

≤
∫ T

0

∑

K∈Th

(∫

K

‖πhB − B‖2
2dx

)1/2(∫

K

‖(PhAi −Ai)∂iϕh‖2
2dx

)1/2

dt

≤ C
(
T, ‖Ai‖L∞(0,T ;W 1,∞(Ω)), |B|L∞(0,T ;Hm+1(Ω))

)
hm+1

∫ T

0

‖ϕh‖L2(Ω)dt. (29)

For the term (25) we get

∣∣
∣
∣
∣

∫ T

0

∫

Ω

C(πhB− B) · ϕhdxdt

∣∣
∣
∣
∣
≤
∣∣
∣
∣
∣

∫ T

0

∑

K∈Th

∫

K

C(πhB− B) · ϕhdxdt

∣∣
∣
∣
∣

≤ ‖C‖L∞(0,T ;L∞(Ω))

∫ T

0

∑

K∈Th

(∫

K

‖πhB− B‖2
2dx

)1/2

‖ϕh‖L2(K)dt

≤ C
(
T, ‖C‖L∞(0,T ;L∞(Ω)), |B|L∞(0,T ;Hm+1(Ω))

)
hm+1

∫ T

0

‖ϕh‖L2(Ω)dt. (30)

Now it remains to estimate the term (24). First have

g(πhB− B)e = Ae,K(πhB− B) − 1
2
|Ae,K | [(πhB− B)]e

=
Ae,K − |Ae,K |

2
(πhB− B)Ke +

Ae,K + |Ae,K |
2

(πhB − B)K

≤ |Ae,K | (|πhB− B|Ke + |πhB − B|K) .
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Since |Ae,K | is symmetric, using a Young inequality we obtain

∫ T

0

∑

e∈Eh

∫

e

g(πhB − B)e · [ϕh]edΓdt ≤
∫ T

0

∑

e∈Eh

∫

e

|Ae,K |−1/2g(πhB − B)e · |Ae,K |1/2[ϕh]edΓdt

≤
∫ T

0

∑

e∈Eh

∫

e

∥
∥
∥|Ae,K |−1/2g(πhB− B)e

∥
∥
∥

2

2
dxdt +

1
4

∫ T

0

∑

e∈Eh

∫

e

|Ae|[ϕh]e · [ϕh]edΓdt. (31)

Now we want to estimate the first term of (31). Using (9) and the trace result ‖γ0v‖L2(∂K) ≤ C ‖v‖H1/2(K) we
get

∫ T

0

∑

e∈Eh

∫

e

∥
∥
∥|Ae,K |−1/2g(πhB − B)e

∥
∥
∥

2

2
dxdt ≤ 2‖u‖L∞(0,T ;L∞(Ω))

∫ T

0

∑

K∈Th

‖πhB− B‖2
L2(∂K) dt

≤ 2‖u‖L∞(0,T ;L∞(Ω))

∫ T

0

∑

K∈Th

‖πhB − B‖2
H1/2(K) dt ≤ C

(
T, ‖u‖L∞(0,T ;L∞(Ω)), |B|L∞(0,T ;Hm+1(Ω))

)
h2m+1.

(32)
Finally, from (20)–(26), (29)–(32) we get

‖πheh(T )‖2
L2(Ω) − ‖πheh(0)‖2

L2(Ω) +
1
2

∫ T

0

∑

e∈Eh

∫

e

|Ae|[πheh]e · [πheh]edΓdt ≤ C1h
2m+1

+ C2h
m+1

∫ T

0

‖πheh(t)‖L2(Ω) +
∫ T

0

(
2‖C‖L∞(Ω) + ‖∇ · u‖L∞(Ω)

)
‖πheh(t)‖2

L2(Ω)dt. (33)

Using a Young inequality, followed by a Gronwall inequality, from (33) we get, ∀t ≤ T ,

‖πheh(t)‖L2(Ω) ≤ C
(
‖πheh(0)‖L2(Ω) + hm+1/2

)
e(‖C‖L∞([0,T ]×Ω)+

1
2‖∇·u‖L∞([0,T ]×Ω)+C2/2)t ≤ Chm+1/2.

Finally we get, ∀t ≤ T ,

‖eh(t)‖L2(Ω) ≤ ‖πheh(t)‖L2(Ω) + ‖πheh(t) − eh(t)‖L2(Ω)

≤ ‖πheh(t)‖L2(Ω) + ‖πhB(t) − B(t)‖L2(Ω) ≤ Chm+1/2

which finishes the proof when Bh ∈ V m
h .

Case where Bh ∈ W 1
h

We have to give new estimates for the terms (22)–(25). For the term (22), using Cauchy-Schwarz inequality
and the approximation property (10) we get

∫ T

0

∫

Ω

(Πh(∂tB) − ∂tB) · ϕhdxdt ≤ C
(
T, |∂tB|L∞(0,T ;H1(Ω))

)
h

∫ T

0

‖ϕh‖L2(Ω)dt. (34)

Now let us estimate the term (24). The inequality (31) is still valid. It remains to give a new estimate for the
first term of the right hand side of the inequality (31). Using the approximation properties (10)–(12), and the
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fact that divΠhB = divB = 0 then we get

∫ T

0

∑

e∈Eh

∫

e

∥
∥
∥|Ae,K |−1/2g(ΠhB − B)e

∥
∥
∥

2

2
dxdt ≤ 2‖u‖L∞(0,T ;L∞(Ω))

∫ T

0

∑

K∈Th

‖ΠhB− B‖2
L2(∂K) dt

≤ 2‖u‖L∞(0,T ;L∞(Ω))

∫ T

0

∑

K∈Th

‖ΠhB − B‖2
W(K) dt

≤ 2‖u‖L∞(0,T ;L∞(Ω))

∫ T

0

∑

K∈Th

(
‖ΠhB− B‖2

H(curl;K) + ‖(ΠhB − B) × ν‖2
L2(∂K)

)
dt

≤ C
(
T, ‖u‖L∞(0,T ;L∞(Ω)), ‖B‖L∞(0,T ;H2(Ω))

)
h2. (35)

Now we give a new estimate for (23) and (25). Using the Green formula (14) we obtain

−
2∑

i=1

∫ T

0

∫

Ω

Ai(ΠhB − B) · ∂iϕhdxdt +
∫ T

0

∫

Ω

C(ΠhB − B) · ϕhdxdt

=
∫ T

0

∑

K∈Th

∫

K

(
2∑

i=1

∂i (Ai(ΠhB − B)) + C(ΠhB− B)

)

· ϕhdxdt (36)

−
∫ T

0

∑

K∈Th

∑

e∈∂K

∫

e

Ae,K(ΠhB− B) · ϕhdΓdt. (37)

First we look at the term (37). Using the approximation properties (10)–(12), inverse properties (8), the fact
that div ΠhB = div B = 0 on K and the Cauchy-Schwarz inequality we get

∫ T

0

∑

K∈Th

∑

e∈∂K

∫

e

Ae,K(ΠhB − B) · ϕhdΓdt ≤ 2‖u‖L∞(0,T ;L∞(Ω))

∫ T

0

∑

K∈Th

‖ΠhB − B‖L2(∂K) ‖ϕh‖L2(∂K) dt

≤ 2‖u‖L∞(0,T ;L∞(Ω))

∫ T

0

∑

K∈Th

h−1/2 ‖ΠhB− B‖W(K) ‖ϕh‖L2(K) dt

≤ 2‖u‖L∞(0,T ;L∞(Ω))

∫ T

0

∑

K∈Th

h−1/2
(
‖ΠhB − B‖H(curl;K) + ‖(ΠhB − B) × ν‖L2(∂K)

)
‖ϕh‖L2(K) dt

≤ C
(
T, ‖u‖L∞(0,T ;L∞(Ω)), ‖B‖L∞(0,T ;H2(Ω))

)
h1/2

∫ T

0

‖ϕh‖L2(Ω) dt. (38)

As div ΠhB = div B = 0 on K the term (36) can be recasted in

∫ T

0

∑

K∈Th

∫

K

(
2∑

i=1

∂i (Ai(ΠhB − B)) + C(ΠhB− B)

)

· ϕhdxdt

=
∫ T

0

∑

K∈Th

∫

K

∇× ((ΠhB − B) × u) · ϕhdxdt

=
∫ T

0

∑

K∈Th

∫

K

{((ΠhB − B) · ∇)u + (ΠhB− B)div u + (u · ∇)(ΠhB − B)} · ϕhdxdt. (39)
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Now we have to estimates the three terms of (39). For the two first term of (39) we get

∫ T

0

∑

K∈Th

∫

K

((ΠhB− B) · ∇)u · ϕhdxdt ≤ 2‖u‖L∞(0,T ;W 1,∞(Ω))

∫ T

0

∑

K∈Th

‖ΠhB − B‖L2(K) ‖ϕh‖L2(K) dt

≤ C
(
T, ‖u‖L∞(0,T ;W 1,∞(Ω)), |B|L∞(0,T ;H1(Ω))

)
h

∫ T

0

‖ϕh‖L2(Ω) dt (40)

and

∫ T

0

∑

K∈Th

∫

K

(ΠhB− B)div u · ϕhdxdt ≤ ‖divu‖L∞(0,T ;L∞(Ω))

∫ T

0

∑

K∈Th

‖ΠhB − B‖L2(K) ‖ϕh‖L2(K) dt

≤ C
(
T, ‖divu‖L∞(0,T ;L∞(Ω)), |B|L∞(0,T ;H1(Ω))

)
h

∫ T

0

‖ϕh‖L2(Ω) dt. (41)

Using the approximation properties (10)–(12), the continuous imbedding (13), the fact that div ΠhB = div B = 0
on K and the Cauchy-Schwarz inequality then we get

∫ T

0

∑

K∈Th

∫

K

(u · ∇)(ΠhB − B) · ϕhdxdt

≤ 2‖u‖L∞(0,T ;L∞(Ω))

∫ T

0

∑

K∈Th

‖ΠhB− B‖H1(K) ‖ϕh‖L2(K) dt

≤ 2‖u‖L∞(0,T ;L∞(Ω))

∫ T

0

∑

K∈Th

(

‖ΠhB− B‖H(curl;K) +
∑

e∈∂K

‖(ΠhB− B) × νe‖H1/2(e)

)

‖ϕh‖L2(K) dt

≤ C
(
T, ‖u‖L∞(0,T ;L∞(Ω)), ‖B‖L∞(0,T ;H2(Ω))

)
h1/2

∫ T

0

‖ϕh‖L2(Ω) dt. (42)

Finally, by introducing the estimates (34)–(42) into the relations (20)–(25) and using a Young inequality followed
by a Gronwall inequality we get

‖Πheh(t)‖L2(Ω) ≤ C
(
‖Πheh(0)‖L2(Ω) + h1/2

)
e(‖C‖L∞([0,T ]×Ω)+

1
2‖∇·u‖L∞([0,T ]×Ω)+C2/2)t ≤ Ch1/2,

and ∀t ≤ T , we obtain

‖eh(t)‖L2(Ω) ≤ ‖Πheh(t)‖L2(Ω) + ‖Πheh(t) − eh(t)‖L2(Ω), ≤ Ch1/2

which ends the proof when Bh ∈ W 1
h . �

Remark 3. When Bh ∈ W 1
h we can not expect to obtain error estimate like O(h3/2) which is got when

Bh ∈ V 1
h . The reason is that the space R1 does not reproduce all the polynomial fields of �1 which are

divergence free. Then the approximation properties of R1 are the same as the ones of �0. That’s the reason
why we loose one order of convergence. Nevertheless we could loose one order more if there were not the
approximation property (11). As the approximation in the space H(curl) and the space L2 is of the same order
we can get convergence of the scheme whose the convergence rate is in O(h1/2), and that’s why the Nédélec
space is interesting . Unfortunately it could not be generalized to the space Rk with k > 1 as div Rk �= 0. We
observe that �0 ⊂ R1 ⊂ �1 and that W 1

h ⊂ V 1
h with dim(W 1

h ) = 3 and dim(V 1
h ) = 5.
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4. Analysis of the fully discretized scheme

In this section we present the stability, convergence and error analysis in L2 of the fully discretized scheme.
The main result is

Theorem 5. Let u and B0 sufficiently regular, typically we consider that u ∈ W 1,∞ ([0, +∞[×(�2)
)

and
B0 ∈ Hm+1(�2) and let us assume that there exists a constant β(α) depending on α such that the CFL condition
∆t ≤ β(α)h4/3 holds. Moreover we assume the condition (3) and ‖δ0

B‖L2(Ω) = ‖B0 − πhB0‖L2(Ω) = O(hm+1).
Then there exists a constant C = C(‖u‖W 1,∞([0,T ]×Ω), T, α) independent of h such that

‖Bh‖l∞(0,T ;L2(Ω)) ≤ C‖Bh(0)‖L2(Ω),

where Bh(0) ∈ V m
h or Bh(0) ∈ Wm

h with m = 1. Moreover there exists a constant C = C
(
T, α, ‖u‖W 1,∞([0,T ]×Ω),

‖B‖W 3,∞(0,T ;Hm+1(�2))

)
independent of h such that

‖B− Bh‖l∞(0,T ;L2(Ω)) +

√√
√√∆t

NT∑

n=0

∑

e∈Eh

∫

e

|An
e |[Bn

h − B(tn)]e · [Bn
h − B(tn)]edΓ ≤ C

(
∆t2 + hm+η

)

where η = 1
2 if Bh ∈ V m

h and η = − 1
2 if Bh ∈ Wm

h with m = 1.

Remark 4. The CFL condition ∆t ≤ β(α)h4/3 is surprising, but it seems that it is linked to the time discretiza-
tion with a Runge-Kutta scheme of order two. Indeed in [25] the author also obtains the convergence of a second
order Runge-Kutta finite element scheme under the same CFL condition. The minimal regularity assumptions
to obtain convergence are u ∈ W 1,∞ and B0 ∈ H1 when Bh ∈ V 0

h or B0 ∈ H1(curl) when Bh ∈ W 1
h

Proof.

L2-stability. We begin by proving the theorem when Bh ∈ V m
h and therefore we will modify some estimates to

adapt the proof when Bh ∈ W 1
h . First we begin by proving the L2-stability of the scheme. This proof remains

true for the two choices of approximation space. If we take ϕh = Bn
h in (16), and ϕh = Yn

h in (17) then after
summing over all elements K of the partition Th the sum (16)/2+(17) gives

‖Bn+1
h ‖2

L2(Ω) − ‖Bn
h‖2

L2(Ω) − ‖Bn+1
h − Yn

h‖2
L2(Ω) = ∆t

(
Fn(Bn

h,Bn
h) + Fn+1(Yn

h ,Yn
h)
)
. (43)

where Fn =
∑

K∈Th
Fn

K�K . First we will give an estimate of terms of the form of Fn(ϕh, ϕh) and in the second
moment we will give an estimate for the term ‖Bn+1

h − Yn
h‖L2(Ω). Using (129) and the Green formula (14) we

get

Fn(ϕh, ϕh) = −1
2

∑

e∈Eh

∫

e

|An
e,K |[ϕh]e · [ϕh]edΓ −

∫

Ω

Cnϕh · ϕhdxdt − 1
2

∫

Ω

∇ · un‖ϕh‖2
2dx. (44)

From the condition (3), and the equations (44) and (43) we get

‖Bn+1
h ‖2

L2(Ω) ≤
(

1 − α
∆t

2

)
‖Bn

h‖2
L2(Ω) − α

∆t

2
‖Yn

h‖2
L2(Ω) + ‖Bn+1

h − Yn
h‖2

L2(Ω). (45)

It remains to estimate the term ‖Bn+1
h −Yn

h‖L2(Ω). To do this we remark that after summing over all elements
K of the partition Th the sum (17)−(16)/2 gives

∫

Ω

(Bn+1
h − Yn

h) · ϕhdx =
∆t

2
(
Fn+1(Yn

h , ϕh) −Fn(Bn
h , ϕh)

)
. (46)
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Let us estimate the right hand side of (46). We have

∆t

2
(
Fn+1(Yn

h , ϕh) −Fn(Bn
h, ϕh)

)
=
∑

K∈Th

2∑

i=1

∫

K

∆t
(
An+1

i Yn
h −An

i Bn
h

)
· ∂iϕhdx (47)

−
∑

K∈Th

∑

e∈∂K

∫

e

∆t
(
gn+1(Yn

h)e − gn(Bn
h)e

)
· ϕKdx −

∑

K∈Th

∫

K

∆t
(
Cn+1Yn

h − CnBn
h

)
· ∂iϕhdx.

By seeing that there exists a time t� and t† such that An
e,K = An+1

e,K −∆t∂tA�
e,K and |An

e,K | = |An+1
e,K |−∆t∂t|A†

e,K |
where t� = tn + θ�∆t and t† = tn + θ†∆t, with 0 ≤ θ� ≤ 1 and 0 ≤ θ† ≤ 1, then we get

gn+1(Yn
h)e − gn(Bn

h)e = An+1
e,K Y

n

h −
|An+1

e,K |
2

[Yn
h ]e −An

e,KB
n

h +
|An

e,K |
2

[Bn
h ]e

= −gn+1(Bn
h − Yn

h)e + ∆tg�(Bn
h)e

where g�(Bn
h)e = ∂tA�

e,KB
n

h − ∂t|A†
e,K |

2 [Bn
h]e. Then (47) can be rewritten as

∆t

2
(
Fn+1(Yn

h , ϕh) −Fn(Bn
h, ϕh)

)
= −∆t

2
Fn+1(Bn

h − Yn
h , ϕh) + G(Bn

h , ϕh)

where

G(Bn
h , ϕh) = ∆t2

2∑

i=1

∫

Ω

∂tA‡i

i Bn
h · ∂iϕhdx − ∆t2

∑

K∈Th

∑

e∈∂K

∫

e

g�(Bn
h)e · ϕKdΓ − ∆t2

∫

Ω

∂tC�Bn
h · ϕhdx (48)

with t‡i = tn + θ‡i∆t and t� = tn + θ�∆t such that An
i = An+1

i − ∆t∂tA‡i

i and Cn = Cn+1 − ∆t∂tC�. First we
estimate the term G(Bn

h , ϕh). From the Young and Cauchy-Schwarz inequalities and the inverse properties (8)
we get

∣
∣
∣
∣
∣
∆t2

∑

K∈Th

∫

K

∂tA‡i

i Bn
h · ∂iϕhdx

∣
∣
∣
∣
∣

≤
∑

K∈Th

∫

K

{
C(ε)

∆t4

h2

∥
∥
∥∂tA‡i

i

∥
∥
∥

L∞([0,T ]×�2)
‖Bn

h‖
2
2 +

ε

3
h2 ‖∂iϕh‖

2
2

}
dx

≤ C(ε)
∆t4

h2
‖Bn

h‖
2
L2(Ω) +

ε

3
‖ϕh‖

2
L2(Ω) , (49)

∣
∣
∣
∣
∣
∆t2

∑

K∈Th

∫

K

∂tC�Bn
h · ϕhdx

∣
∣
∣
∣
∣

≤ C
(
‖∂tC�‖L∞([0,T ]×�2), ε

)
∆t4 ‖Bn

h‖
2
L2(Ω) +

ε

3
‖ϕh‖

2
L2(Ω) , (50)
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and
∣
∣
∣∣
∣
∆t2

∑

K∈Th

∑

e∈∂K

∫

e

g�(Bn
h)e · ϕKdΓ

∣
∣
∣∣
∣

(51)

≤
∣
∣∣
∣
∣
∆t2

∑

K∈Th

∑

e∈∂K

∫

e

(
∂tA�

e,K − ∂t|A†
e,K |

2
Bn

Ke
+

∂tA�
e,K + ∂t|A†

e,K |
2

Bn
K

)

· ϕKdΓ

∣
∣∣
∣
∣

≤ C
(
‖∂tAe,K‖L∞([0,T ]×�2)

)
∆t2

∑

K∈Th

∑

e∈∂K

∫

e

(∥∥Bn
Ke

∥
∥

2
‖ϕK‖2 + ‖Bn

K‖2 ‖ϕK‖2

)
dΓ

≤ C(ε)
∆t4

h

∑

K∈Th

‖Bn
h‖

2
L2(∂K) + h

ε

3

∑

K∈Th

‖ϕh‖
2
L2(∂K) ≤ C(ε)

∆t4

h2
‖Bn

h‖
2
L2(Ω) +

ε

3
‖ϕh‖

2
L2(Ω) .

From (49)–(51), we get

|G(Bn
h , ϕh)| ≤ C(ε)

(
∆t4

h2
+ ∆t4

)
‖Bn

h‖
2
L2(Ω) + ε ‖ϕh‖

2
L2(Ω) (52)

Now we will estimate the term ∆tFn+1(Vh, ϕh). From the Young and Cauchy-Schwarz inequalities and the
inverse properties (8) we get

∣
∣
∣
∣∣
∆t

∑

K∈Th

∫

K

An+1
i Vh · ∂iϕhdx

∣
∣
∣
∣∣
≤ C(ε)

∆t2

h2
‖Vh‖2

L2(Ω) +
ε

3
‖ϕh‖

2
L2(Ω) , (53)

∣
∣
∣
∣∣
∆t

∑

K∈Th

∫

K

Cn+1Vh · ϕhdx

∣
∣
∣
∣∣

≤ C(ε)∆t2 ‖Vh‖2
L2(Ω) +

ε

3
‖ϕh‖

2
L2(Ω) , (54)

and ∣
∣∣
∣
∣
∆t

∑

K∈Th

∑

e∈∂K

∫

e

gn+1(Vh)e · ϕKdΓ

∣
∣∣
∣
∣
≤ C(ε)

∆t2

h2
‖Vh‖2

L2(Ω) +
ε

3
‖ϕh‖

2
L2(Ω) . (55)

From (53)–(55), we get that

|∆tF(Vh, ϕh)| ≤ C(ε)
∆t2

h2
‖Vh‖2

L2(Ω) + ε ‖ϕh‖
2
L2(Ω) . (56)

By taking ϕh = Bn+1
h − Yn

h in (46), and from (52) and (56) we obtain

∥
∥Bn+1

h − Yn
h

∥
∥2

L2(Ω)
≤
∣
∣∆tF(Bn

h − Yn
h ,Bn+1

h − Yn
h)
∣
∣+
∣
∣G(Bn

h ,Bn+1
h − Yn

h)
∣
∣

≤ 2ε
∥∥Bn+1

h − Yn
h

∥∥2

L2(Ω)
+ C(ε)

∆t2

h2
‖Bn

h − Yn
h‖

2
L2(Ω) + C(ε)

(
∆t4

h2
+ ∆t4

)
‖Bn

h‖
2
L2(Ω) . (57)

Let us estimate ‖Bn
h − Yn

h‖
2
L2(Ω). By taking ϕh = Bn

h − Yn
h in (16) and from the estimate (56) we get

‖Bn
h − Yn

h‖
2
L2(Ω) = ∆tFn(Bn

h ,Bn
h − Yn

h) ≤ ε ‖Bn
h − Yn

h‖
2
L2(Ω) + C(ε)

∆t2

h2
‖Bn

h‖
2
L2(Ω) . (58)
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If ε is small enough, from (58) we deduce ‖Bn
h − Yn

h‖
2
L2(Ω) ≤ C(ε)∆t2

h2 ‖Bn
h‖

2
L2(Ω) and using (57) we get

∥∥Bn+1
h − Yn

h

∥∥2

L2(Ω)
≤ C(ε)

(
∆t4 +

∆t4

h4
+

∆t4

h2

)
‖Bn

h‖
2
L2(Ω) . (59)

If we suppose ∆t ≤ C(ε)h4/3, from (59) and (45) we get

‖Bn+1
h ‖2

L2(Ω) ≤ (1 + C∆t)‖Bn
h‖2

L2(Ω) and ‖Bn+1
h ‖L2(Ω) ≤ eCT‖Bh(0)‖L2(Ω).

Convergence and error estimates in L2. Now we will prove the convergence of the scheme and show some
error estimates. First of all we look at the case B ∈ V m

h and we will change some estimates to adapt the proof
when B ∈ W 1

h . We set
Y(t,x) = B(t,x) + ∂tB(t,x)∆t. (60)

Using Taylor expansion in time we get

B(t + ∆t,x) − B(t,x) − ∂tB(t,x)
∆t

2
− ∂tB(t + ∆t,x)

∆t

2
= O(∆t3). (61)

Using Taylor expansion and from Equations (2) and (60) we obtain

∂tB(t + ∆t,x) = −
2∑

i=1

∂xi (Ai(t + ∆t,x)B(t + ∆t,x)) − C(t + ∆t,x)B(t + ∆t,x)

= −
2∑

i=1

∂xi

(
Ai(t + ∆t,x)

(
B(t,x) + ∂tB(t,x)∆t + O(∆t2)

))

−C(t + ∆t,x)
(
B(t,x) + ∂tB(t,x)∆t + O(∆t2)

)
(62)

= −
2∑

i=1

∂xi (Ai(t + ∆t,x)Y(t,x)) − C(t + ∆t,x)Y(t,x) + O(∆t2).

From (60) and (61) we get

B(t + ∆t,x) =
1
2
B(t,x) +

1
2
Y(t,x) +

∆t

2
∂tB(t + ∆t,x) + O(∆t3). (63)

From (62) and (63) we get

B(t + ∆t,x) =
1
2
B(t,x) +

1
2
Y(t,x) − ∆t

2

2∑

i=1

∂xi (Ai(t + ∆t,x)Y(t,x))

−∆t

2
C(t + ∆t,x)Y(t,x) + O(∆t3). (64)

Finally from (60) and (64) we obtain

Y(tn,x) = B(tn,x) − ∆t

2∑

i=1

∂xi (An
i (x)B(tn,x)) − ∆tCn(x)B(tn,x) (65)

B(tn+1,x) =
1
2
B(tn,x) +

1
2
Y(tn,x) − ∆t

2

2∑

i=1

∂xi

(
An+1

i (x)Y(tn,x)
)
− ∆t

2
C(tn+1,x)Y(tn,x) + O(∆t3).

(66)
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If we take the scalar product of (65) and (66) with a test function ϕh, integrate over a cell K and use the
Green formula (14) then we get

∫

K

Yn · ϕhdx =
∫

K

Bn · ϕhdx + ∆tFn
K(Bn, ϕh) (67)

∫

K

Bn+1 · ϕhdx =
∫

K

(
1
2
Bn +

1
2
Yn

)
· ϕhdx +

∆t

2
Fn+1

K (Yn, ϕh) +
∫

K

ε(tn,x) · ϕhdx (68)

where ‖ε(tn,x)‖l∞(0,T ;L2(Ω)) = O(∆t3). We set the following notations δn
Y = πhYn − Yn

h , δn
B = πhBn − Bn

h,
en
Y = Yn − Yn

h , In
Y = πhYn − Yn, In

B = πhBn − Bn, en
B = Bn − Bn

h. If we substract (16) to (67) and (17)
to (68) we obtain

∫

K

δn
Y · ϕhdx =

∫

K

δn
B · ϕhdx + Hn

K(ϕh) (69)
∫

K

δn+1
B · ϕhdx =

∫

K

(
1
2
δn
Y +

1
2
δn
B

)
· ϕhdx +

1
2
J n+1

K (ϕh) (70)

where
Hn

K(ϕh) =
∫

K

(In
Y − In

B) · ϕhdx + ∆tFn
K(Bn, ϕh) − ∆tFn

K(Bn
h , ϕh) (71)

and
J n+1

K (ϕh) =
∫

K

(2In+1
B − In

Y − In
B + ε(tn,x)) · ϕhdx + ∆tFn+1

K (Yn, ϕh) − ∆tFn+1
K (Yn

h , ϕh). (72)

We set
Hn =

∑

K∈Th

Hn
K�K , and J n+1 =

∑

K∈Th

J n+1
K �K . (73)

If we take ϕh = δn
B in (69) and ϕh = δn

Y in (70), after summing over all the element K of the partition Th the
sum (69)/2+(70) gives

∥
∥δn+1

B

∥
∥2

L2(Ω)
− ‖δn

B‖
2
L2(Ω) −

∥
∥δn+1

B − δn
Y

∥
∥2

L2(Ω)
= Hn(δn

B) + J n+1(δn
Y). (74)

In the following we will give estimates for the three terms Hn(δn
B), J n+1(δn

Y) and
∥
∥δn+1

B − δn
Y

∥
∥
L2(Ω)

.

Estimate of Hn(δn
B). From equation (60) and the approximation properties (7) of πh we obtain

∥∥In+1
B − In

B

∥∥
L2(Ω)

+ ‖In
Y − In

B‖L2(Ω) ≤ C∆thm+1|∂tB|L∞(0,T ;Hm+1(Ω)). (75)

Using (75), the Cauchy-Schwarz and Young inequalities we have for the first term of Hn(δn
B) the estimate

∑

K∈Th

∫

K

(In
Y − In

B) · δn
Bdx ≤

∫

Ω

‖In
Y − In

B‖2‖δn
B‖2 ≤ C∆th2m+2 + ∆t ‖δn

B‖
2
L2(Ω) . (76)

Now we estimate the term ∆tFn(Bn − πhBn, ϕh). First we notice the decomposition

∆t
∑

K∈Th

∫

K

An
i (Bn − πhBn) · ∂iϕhdx = ∆t

∑

K∈Th

∫

K

(PhAn
i −An

i )(πhBn − Bn) · ∂iϕhdx

− ∆t
∑

K∈Th

∫

K

(πhBn − Bn) · PhAn
i ∂iϕhdx = ∆t

∑

K∈Th

∫

K

(PhAn
i −An

i )(πhBn − Bn) · ∂iϕhdx (77)
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because An
i is symmetric, PhAn

i ∂iϕh = Phun
i ∂iϕh ∈ V m

h (Ω) and because of the definition πh. Now we give an
estimate for the term (77). Thanks the approximation properties (7) and (27), the inverse properties (8), the
Cauchy-Schwarz and Young inequalities we obtain

∆t
∑

K∈Th

∫

K

(PhAn
i −An

i )(πhBn − Bn) · ∂iϕhdx (78)

≤
∑

K∈Th

∫

K

(
∆t‖Ai‖2

L∞(0,T ;W 1,∞(Ω))‖πhBn − Bn‖2
2 + ∆th2‖∂iϕh‖2

2

)
dx ≤ Ch2m+2∆t + ∆t‖ϕh‖2

L2(Ω).

Next we have

∆t
∑

K∈Th

∫

K

Cn(πhBn − Bn) · ϕhdx ≤
∑

K∈Th

∫

K

(
∆t‖C‖2

L∞(0,T ;L∞(Ω))‖πhBn − Bn‖2
2 + ∆t‖ϕh‖2

2

)
dx

≤ Ch2m+2∆t + ∆t‖ϕh‖2
L2(Ω). (79)

As it has been done for the continuous case (see estimates (31)–(32)) we obtain

∆t
∑

e∈Eh

∫

e

gn(πhBn − Bn)e · [ϕh]edΓ ≤ C∆th2m+1 +
∆t

4

∑

e∈Eh

∫

e

|An
e |[ϕh]e · [ϕh]edΓ. (80)

From (78)–(80) we get

∆tFn(Bn − πhBn, ϕh) ≤ C∆th2m+1 + 3∆t‖ϕh‖2
L2(Ω) +

∆t

4

∑

e∈Eh

∫

e

|An
e |[ϕh]e · [ϕh]edΓ. (81)

Now we want to estimate the term ∆tFn(Bn, δn
B) − ∆tFn(Bn

h, δn
B). First we notice that

∆tFn(Bn, δn
B) − ∆tFn(Bn

h , δn
B) = ∆tFn(Bn − πhBn, δn

B) + ∆tFn(δn
B, δn

B). (82)

From (81) we obtain

∆tFn(Bn − πhBn, δn
B) ≤ C∆th2m+1 + 3∆t‖δn

B‖2
L2(Ω) +

∆t

4

∑

e∈Eh

∫

e

|An
e |[δn

B]e · [δn
B]edΓ. (83)

From (3) and (44) we get

∆tFn(δn
B, δn

B) ≤ −α∆t‖δn
B‖2

L2(Ω) −
∆t

2

∑

e∈Eh

∫

e

|An
e |[δn

B]e · [δn
B]edΓ. (84)

From (71), (73), (76), (82)–(84) we get

Hn(δn
B) ≤ C∆t(h2m+1 + h2m+2) + (4 − α)∆t‖δn

B‖2
L2(Ω) −

∆t

4

∑

e∈Eh

∫

e

|An
e |[δn

B]e · [δn
B]edΓ. (85)
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Estimate of J n+1(δn
Y). Using (75), the Cauchy-Schwarz and Young inequalities we have for the first term of

J n+1(δn
Y) the estimate

∑

K∈Th

∫

K

(2In+1
B − In

Y − In
B + ε(tnx)) · δn

Ydx ≤
∫

Ω

‖2In+1
B − In

Y − In
B + ε(tnx))‖2‖δn

Y‖2dx

≤
∫

Ω

(
‖2(In+1

B − In
B)‖2 + ‖In

B − In
Y‖2 + ‖ε(tnx))‖2

)
‖δn

Y‖2dx

≤ C(ε)∆t(∆t2 + hm+1)2 + ε∆t ‖δn
Y‖2

L2(Ω) . (86)

Now we estimate the term ∆tFn+1(Yn, δn
Y) − ∆tFn+1(Yn

h , δn
Y). First we notice that

∆tFn+1(Yn, δn
Y) − ∆tFn+1(Yn

h , δn
Y) = ∆tFn+1(Yn − πhYn, δn

Y) + ∆tFn(δn
Y, δn

Y). (87)

The same proof for the estimate (81) leads to

∆tFn+1(Yn − πhYn, ϕh) ≤ C(ε)∆th2m+1 + ε∆t‖ϕh‖2
L2(Ω) +

∆t

4

∑

e∈Eh

∫

e

|An
e |[ϕh]e · [ϕh]edΓ. (88)

From (88) we obtain

∆tFn(Yn − πhYn, δn
Y) ≤ C(ε)∆th2m+1 + ε∆t‖δn

Y‖2
L2(Ω) +

∆t

4

∑

e∈Eh

∫

e

|An
e |[δn

Y]e · [δn
Y]edΓ. (89)

From (3) and (44) we get

∆tFn(δn
Y, δn

Y) ≤ −α∆t‖δn
Y‖2

L2(Ω) −
∆t

2

∑

e∈Eh

∫

e

|An
e |[δn

Y]e · [δn
Y]edΓ. (90)

From (72), (73), (86), (87), (89) and (90) we get

J n+1(δn
Y) ≤ C(ε)∆t

{
(∆t2 + hm+1)2 + h2m+1)

}
+ (4ε−α)∆t‖δn

Y‖2
L2(Ω) −

∆t

4

∑

e∈Eh

∫

e

|An
e |[δn

Y]e · [δn
Y]edΓ. (91)

Estimate of ‖δn+1
B − δn

Y‖L2(Ω). First we notice that after summing over all elements K of the partition Th the
sum (70)−(69)/2 gives

∫

Ω

(δn+1
B − δn

Y) · ϕhdx =
1
2
(
J n+1(ϕh) −Hn(ϕh)

)
(92)

where

1
2
(
J n+1(ϕh) −Hn(ϕh)

)
=

1
2

∫

Ω

(2In+1
B − In

Y − In
B + ε(tnx)) · ϕhdx − 1

2

∫

Ω

(In
Y − In

B) · ϕhdx + Ln(ϕh) (93)

with Ln(ϕh) = ∆t
(
Fn+1(Yn, ϕh) −Fn+1(Yn

h , ϕh) −Fn(Bn, ϕh) + Fn(Bn
h, ϕh)

)
. From (75) and (76) we have

|(In
Y − In

B, ϕh)Ω| ≤ C∆th2m+2 + ∆t‖ϕh‖2
L2(Ω) (94)

∣
∣(2In+1

B − In
Y − In

B + ε(tnx), ϕh

)
Ω

∣
∣ ≤ C∆t(∆t2 + hm+1)2 + ∆t‖ϕh‖2

L2(Ω). (95)



YOUR ARGUMENT IS TOO LONG TO BE IN THE RUNNING HEAD 19

Now let us estimate the term Ln(ϕh). First we notice that

Ln(ϕh) = ∆t
(
Fn+1(πhYn − Yn

h , ϕh) + Fn+1(Yn − πhYn, ϕh)
+Fn(πhBn − Bn, ϕh) + Fn(Bn

h − πhBn, ϕh)) . (96)

From (56) and the approximation property (7) of πh we get

|∆tFn(πhBn − Bn, ϕh)| ≤ ε

4
‖ϕh‖2

L2(Ω) + C(ε)∆t2h2m‖B‖2
L∞(0,T ;Hm+1(Ω)), (97)

∣
∣∆tFn+1(Yn − πhYn, ϕh)

∣
∣ ≤ ε

4
‖ϕh‖2

L2(Ω) + C(ε)∆t2h2m‖Y‖2
L∞(0,T ;Hm+1(Ω)). (98)

Now let us estimate the remaining term of Ln(ϕh), that is to say ∆tFn+1(δn
Y, ϕh)−∆tFn+1(δn

B, ϕh). First we
notice that

∆tFn+1(δn
Y, ϕh) − ∆tFn+1(δn

B, ϕh) = −∆tFn+1(δn
B − δn

Y, ϕh) + G(δn
B, ϕh) (99)

where G(·, ϕh) is defined by (48). From (56) we get

∣
∣∆tFn+1(δn

B − δn
Y, ϕh)

∣
∣ ≤ ε

4
‖ϕh‖2

L2(Ω) + C(ε)
∆t2

h2
‖δn

B − δn
Y‖2

L2(Ω) (100)

and from (52) we get

|G(δn
B, ϕh)| ≤ C(ε)

(
∆t4

h2
+ ∆t4

)
‖δn

B‖
2
L2(Ω) +

ε

4
‖ϕh‖

2
L2(Ω) . (101)

Now let us estimate the term ‖δn
B − δn

Y‖2
L2(Ω) which appears in (100). If we take ϕh = δn

B − δn
Y in (69) we get

‖δn
B − δn

Y‖2
L2(Ω) = Hn(δn

Y − δn
B) (102)

where

Hn(δn
Y − δn

B) = (In
Y − In

B, δn
Y − δn

B)Ω + ∆tFn(Bn − πhBn, δn
Y − δn

B) + ∆tFn(πhBn − Bn
h, δn

Y − δn
B). (103)

The estimate of the three terms in the right hand side of (103) gives for Hn(δn
Y − δn

B) the inequality

Hn(δn
Y − δn

B) ≤ ∆t‖δn
Y − δn

B‖2
L2(Ω) + C(ε)

(
∆t2h2m + ∆th2m+2 ∆t2

h2
‖δn

B‖2
L2(Ω)

)
+ 2ε‖δn

Y − δn
B‖2

L2(Ω). (104)

If ε and ∆t is small enough, (102) and (104) leads to

‖δn
Y − δn

B‖2
L2(Ω) ≤ C(ε)

(
∆t2h2m + ∆th2m+2 +

∆t2

h2
‖δn

B‖2
L2(Ω)

)
. (105)

By taking ϕh = δn+1
B − δn

Y in (92) and thanks to relation (93)–(101) and (105) we get

‖δn+1
B − δn

Y‖2
L2(Ω) ≤ C(ε)∆t

(
h2m+2 + (∆t2 + hm+1)2 + ∆th2m + ∆t3h2m−2 + ∆t2h2m

)

+ 2(∆t + ε)‖δn+1
B − δn

Y‖2
L2(Ω) + C(ε)

(
∆t4 +

∆t4

h2
+

∆t4

h4

)
‖δn

B‖2
L2(Ω). (106)
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If ∆t and ε is small enough and ∆t ≤ C(ε)h4/3 then (106) leads to

‖δn+1
B − δn

Y‖2
L2(Ω) ≤ C(ε)∆t

(
h2m+2 + (∆t2 + hm+1)2 + h2m+4/3 + h2m+8/3

)
(107)

+ C(ε)
(
∆t4 + ∆t5/2 + ∆t

)
‖δn

B‖2
L2(Ω) ≤ C(ε)∆t

(
(∆t2 + hm+1)2 + h2m+4/3

)
+ C(ε)∆t‖δn

B‖2
L2(Ω).

Finally the estimates (74), (85) , (91) and (107) lead to

‖δn+1
B ‖2

L2(Ω) ≤ −∆t

4

∑

e∈Eh

∫

e

|An
e |[δn

B]e · [δn
B]edΓ − ∆t

4

∑

e∈Eh

∫

e

|An
e |[δn

Y]e · [δn
Y]edΓ (108)

+ (1 + C(α, ε)∆t) ‖δn
B‖2

L2(Ω) + ∆t(4ε − α)‖δn
Y‖2

L2(Ω) + C(ε)∆t
(
(∆t2 + hm+1)2 + h2m+1 + h2m+4/3

)
.

Using (105), (108) becomes

‖δn+1
B ‖2

L2(Ω) ≤ (1 + C(α, ε)∆t) ‖δn
B‖2

L2(Ω) + C(ε)∆t
(
(∆t2 + hm+1)2 + h2m+1

)
. (109)

A discrete Gronwall inequality and (109) enable us to obtain

‖δn+1
B ‖2

L2(Ω) ≤ ‖δ0
B‖2

L2(Ω)e
C(α,ε)T + (∆t2 + hm+1)2 + h2m+1 ≤ C

(
∆t2 + hm+1/2

)2

(110)

because ‖δ0
B‖2

L2(Ω) = ‖B0 − πhB0‖2
L2(Ω) = O(h2m+2). Finally, using (110) we get

‖Bn
h(x) − B(tn,x)‖2

L2(Ω) ≤
(
‖πhBn(x) − B(tn,x)‖2

L2(Ω) + ‖δn
B‖2

L2(Ω)

)1/2

≤ C
(
∆t2 + hm+1/2

)
.

To end the proof we notice that (108) implies that

∆t

4

∑

e∈Eh

∫

e

|An
e |[δn

B]e · [δn
B]edΓ ≤ (1 + C(α, ε)∆t) ‖δn

B‖2
L2(Ω) + C∆t

(
∆t2 + hm+1/2

)2

. (111)

If we make the sum on the index n from 0 to NT in (111) we obtain

∆t

NT∑

n=0

∑

e∈Eh

∫

e

|An
e |[δn

B]e · [δn
B]edΓ ≤ C

(
∆t2 + hm+1/2

)2

.

Now we suppose that Bh ∈ W 1
h . Then we see how change the estimates for Hn(δn

B), J n+1(δn
Y) and

‖δn+1
B − δn

Y‖L2(Ω). First we give a new estimate for the term ∆tFn(Bn − ΠhBn, ϕh). Using the Green for-
mula (14) we obtain

−∆t

2∑

i=1

∫

Ω

An
i (ΠhBn − Bn) · ∂iϕhdx + ∆t

∫

Ω

Cn(ΠhBn − Bn) · ϕhdx

= ∆t
∑

K∈Th

∫

K

(
2∑

i=1

∂i (An
i (ΠhBn − Bn)) + ∆tCn(ΠhBn − Bn)

)

· ϕhdx (112)

− ∆t
∑

K∈Th

∑

e∈∂K

∫

e

An
e,K(ΠhBn − Bn) · ϕhdΓ. (113)
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First we look at the term (113). Using the approximation properties (10)–(12), inverse properties (8), the fact
that div ΠhBn = div Bn = 0 on K, the Young and the Cauchy-Schwarz inequalities then we get

∆t
∑

K∈Th

∑

e∈∂K

∫

e

An
e,K(ΠhBn − Bn) · ϕhdΓ

≤
∑

K∈Th

{
2‖u‖2

L∞(0,T ;L∞(Ω))∆th−1 ‖ΠhBn − Bn‖2
L2(∂K) + ∆th ‖ϕh‖

2
L2(∂K)

}

≤
∑

K∈Th

{
2‖u‖2

L∞(0,T ;L∞(Ω))∆th−1 ‖ΠhBn − Bn‖2
W(K) + ∆t ‖ϕh‖

2
L2(K)

}

≤
∑

K∈Th

{
2‖u‖2

L∞(0,T ;L∞(Ω))∆th−1
(
‖ΠhBn − Bn‖2

H(curl;K) + ‖(ΠhBn − Bn) × ν‖2
L2(∂K)

)
+ ∆t ‖ϕh‖

2
L2(K)

}

≤ C
(
T, ‖u‖L∞(0,T ;L∞(Ω)), ‖B‖L∞(0,T ;H2(Ω))

)
∆th + ∆t ‖ϕh‖

2
L2(Ω) . (114)

As div ΠhBn = div Bn = 0 on K the term (112) can be recasted in

∆t
∑

K∈Th

∫

K

(
2∑

i=1

∂i (An
i (ΠhBn − Bn)) + Cn(ΠhBn − Bn)

)

· ϕhdx (115)

= ∆t
∑

K∈Th

∫

K

{((ΠhBn − Bn) · ∇)un + (ΠhBn − Bn)div un + (un · ∇)(ΠhBn − Bn)} · ϕhdx.

Now we have to estimate the three terms of (115). For the two first term of (115) we get

∆t
∑

K∈Th

∫

K

((ΠhBn − Bn) · ∇)un · ϕhdx

≤
∑

K∈Th

{
4‖u‖2

L∞(0,T ;W 1,∞(Ω))∆t ‖ΠhBn − Bn‖2
L2(K) + ∆t ‖ϕh‖

2
L2(K)

}

≤ C
(
T, ‖u‖L∞(0,T ;W 1,∞(Ω)), |B|L∞(0,T ;H1(Ω))

)
h2 + ∆t ‖ϕh‖

2
L2(Ω) , (116)

and

∆t
∑

K∈Th

∫

K

(ΠhBn − Bn)div un · ϕhdx

≤
∑

K∈Th

{
‖divu‖2

L∞(0,T ;L∞(Ω))∆t ‖ΠhBn − Bn‖2
L2(K) + ∆t ‖ϕh‖

2
L2(K)

}

≤ C
(
T, ‖divu‖L∞(0,T ;L∞(Ω)), |B|L∞(0,T ;H1(Ω))

)
h2 + ∆t ‖ϕh‖

2
L2(Ω) . (117)
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Using the approximation properties (10)–(12), the continuous imbedding (13), the fact that div ΠhB = div B = 0
on K and the Cauchy-Schwarz inequality then we get

∆t
∑

K∈Th

∫

K

(un · ∇)(ΠhBn − Bn) · ϕhdxdt

≤
∑

K∈Th

{
4‖u‖2

L∞(0,T ;L∞(Ω))∆t ‖ΠhBn − Bn‖2
H1(K) + ∆t ‖ϕh‖

2
L2(K)

}

≤
∑

K∈Th

{

C∆t

(

‖ΠhBn − Bn‖2
H(curl;K) +

∑

e∈∂K

‖(ΠhBn − Bn) × νe‖2
H1/2(e)

)

+ ∆t ‖ϕh‖
2
L2(K)

}

≤ C
(
T, ‖u‖L∞(0,T ;L∞(Ω)), ‖B‖L∞(0,T ;H2(Ω))

)
h∆t + ∆t ‖ϕh‖

2
L2(Ω) . (118)

Using (112)–(118) and looking what it has been done in the case of the continuous case for the estimates (31)
and (35) we obtain

∆tFn(Bn − ΠhBn, ϕh) ≤ C∆th + 3∆t‖ϕh‖2
L2(Ω) +

∆t

4

∑

e∈Eh

∫

e

|An
e |[ϕh]e · [ϕh]edΓ. (119)

By changing the approximation properties of πh by those of Πh, using (119), and following what it has been
done in the case where B ∈ V m

h , the new estimates for Hn(δn
B), J n+1(δn

Y) and ‖δn+1
B − δn

Y‖L2(Ω) are

Hn(δn
B) ≤ C∆t(h + h2) + (4 − α)∆t‖δn

B‖2
L2(Ω) −

∆t

4

∑

e∈Eh

∫

e

|An
e |[δn

B]e · [δn
B]edΓ, (120)

J n+1(δn
Y) ≤ C(ε)∆t

{
(∆t2 + h)2 + h)

}
+ (4ε − α)∆t‖δn

Y‖2
L2(Ω) −

∆t

4

∑

e∈Eh

∫

e

|An
e |[δn

Y]e · [δn
Y]edΓ (121)

and

‖δn+1
B − δn

Y‖2
L2(Ω) ≤ C(ε)∆t

(
(∆t2 + h)2 + h4/3

)
+ C(ε)∆t‖δn

B‖2
L2(Ω). (122)

Therefore (120)–(122) and (74) leads to

‖Bn
h(x) − B(tn,x)‖L2(Ω) +

(

∆t

NT∑

n=0

∑

e∈Eh

∫

e

|An
e |[δn

B]e · [δn
B]edΓ

)1/2

≤ C
(
∆t2 + h1/2

)
.

�

5. Conclusion

Here we have proven the convergence of some locally divergence-free discontinuous Galerkin methods for the
induction equation. The next step is to see how these schemes behave numerically and compare them with
other known schemes. For this purpose, we can couple the discontinuous Galerkin scheme for the induction
equation with a finite volume scheme for the hydrodynamic equations or use a discontinuous Galerkin scheme
for both where the hydrodynamic variables can be approximated in a different finite dimensional space. This
work will be the matter of a future collaboration.
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Appendix A. Proof of theorem 2

Thanks to the theorem 1 there exists χ ∈ V m
h (Ω) such that

‖v − χ‖L2(K) ≤ Chm+1
K |v|Hm+1(K), ∀K ∈ Th. (123)

Moreover we have

‖πhv − v‖2
L2(Ω) ≤

∑

K∈Th

‖πhv − v‖2
L2(K) ≤

∑

K∈Th

(
‖πK(v − χ)‖2

L2(K) + ‖πKχ − χ‖2
L2(K) + ‖χ − v‖2

L2(K)

)
.

From (123) we have ‖v − χ‖2
L2(K) ≤ Ch2m+2

K |v|2Hm+1(K). From (6), (123) and Cauchy-Schwarz inequality we

obtain that ‖πK(v − χ)‖2
L2(K) ≤ ‖πK‖ ‖v − χ‖2

L2(K) ≤ ‖v − χ‖2
L2(K) ≤ Ch2m+2

K |v|2Hm+1(K). Using the fact

that χ satisfies (6), if we choose φ = (πKχ − χ)|K , then we have ‖πKχ − χ‖2
L2(K) = 0. Then we obtain

‖πhv − v‖2
L2(Ω) ≤

∑

K∈Th

‖πhv − v‖2
L2(K) ≤ C

∑

K∈Th

h2m+2
K |v|2Hm+1(K) ≤ Cσ2h2m+2|v|2Hm+1(Ω).

The proof of the inverse properties (8) which are due to the assumptions of the partition Th (see [2]) can be
found in [5]. Following the proof of the approximation estimate (7), using (5) and the first inverse inequality
of (8) we get ‖πhv − v‖Hk(K) ≤ Chm+1−k|v|Hm+1(K), ∀K ∈ Th, v ∈ Sm+1(Ω) with k ≤ m + 1. From this last
approximation result and the interpolation theorem of Lions and Petree [19] or theorem 1.4 in [15] we obtain
approximation result (9).

Appendix B. Proof of the stability result of theorem 4

Here we prove the L2-stability of the semi-discretized scheme in space. This proof remains true for the two
choices of approximation space. Let Lh(·, ·) the bilinear form defined by

Lh(Bh, ϕh) =
∫ T

0

∫

Ω

∂tBh · ϕhdxdt −
2∑

i=1

∫ T

0

∑

K∈Th

∫

K

AiBh · ∂iϕhdxdt

+
∫ T

0

∑

K∈Th

∑

e∈∂K

∫

e

g(Bh)e · ϕhdΓdt +
∫ T

0

∫

Ω

CBh · ϕhdxdt (124)

with ϕh ∈ V m
h or ϕh ∈ W 1

h . If we set [ϕh]e =
(
ϕKe

− ϕK

)
|e then we can rewritten (124) as

Lh(Bh, ϕh) =
∫ T

0

∫

Ω

∂tBh · ϕhdxdt −
2∑

i=1

∫ T

0

∫

Ω

AiBh · ∂iϕhdxdt

−
∫ T

0

∑

e∈Eh

∫

e

g(Bh)e · [ϕh]edΓdt +
∫ T

0

∫

Ω

CBh · ϕhdxdt (125)
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where Eh denotes the set of all the faces e of the partition Th.
If we take ϕh = Bh in (125) we obtain

Lh(Bh, ϕh) =
1
2
‖B(T )‖2

L2(Ω) −
1
2
‖B(0)‖2

L2(Ω) +
∫ T

0

∫

Ω

CBh ·Bhdxdt

−
∑

K∈Th

2∑

i=1

∫ T

0

∫

K

AiBK · ∂iBKdxdt (126)

−
∫ T

0

∑

e∈Eh

∫

e

g(Bh)e · [Bh]edΓdt. (127)

From the definition (18) of the upwind flux, the term (127) can be rewritten as follows:

∫ T

0

∑

e∈Eh

∫

e

g(Bh)e · [Bh]edΓdt =
∫ T

0

∑

e∈Eh

∫

e

Ae,KBh,e · [Bh]edΓdt− 1
2

∫ T

0

∑

e∈Eh

∫

e

|Ae,K |[Bh]e · [Bh]edΓdt (128)

where Bh,e =
(

BK+BKe

2

)

|e
. Now let us rewrite the term (126). By using the fact that

AiBK · ∂iBK =
1
2
∂i(AiBK ·BK) − 1

2
∂iAiBK · BK (129)

and the Green formula (14), we obtain:

−
∑

K∈Th

2∑

i=1

∫ T

0

∫

K

AiBK · ∂iBKdxdt

=
1
2

∫ T

0

∫

Ω

∇ · u‖Bh‖2
2dxdt − 1

2

∫ T

0

∑

K∈Th

∑

e∈∂K

2∑

i=1

∫

e

AiBK ·BKνi
e,KdΓdt. (130)

From the fact that Ai is symmetric and hence Ae,K is, and the relation Ae,Ke = −Ae,K , the second term
of (130) can rewritten as

−1
2

∫ T

0

∑

K∈Th

∑

e∈∂K

2∑

i=1

∫

e

AiBK ·BKνi
e,KdΓdt = −1

2

∫ T

0

∑

K∈Th

∑

e∈∂K

∫

e

Ae,KBK · BKdΓdt

= −1
2

∫ T

0

∑

e∈Eh

∫

e

(Ae,KBK · BK −Ae,KBKe · BKe)dΓdt

=
1
2

∫ T

0

∑

e∈Eh

∫

e

(BT
K + BT

Ke
)Ae,K(BKe − BK)dΓdt

=
∫ T

0

∑

e∈Eh

∫

e

B
T

h,eAe,K [Bh]edΓdt =
∫ T

0

∑

e∈Eh

∫

e

Ae,KBh,e · [Bh]edΓdt. (131)
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From (128)–(131) we can write

Lh(Bh,Bh) =
1
2
‖Bh(T )‖2

L2(Ω) −
1
2
‖Bh(0)‖2

L2(Ω) +
1
2

∫ T

0

∑

e∈Eh

∫

e

|Ae,K |[Bh]e · [Bh]edΓdt

+
∫ T

0

∫

Ω

CBh ·Bhdxdt +
1
2

∫ T

0

∫

Ω

∇ · u‖Bh‖2
2dxdt.

Since Lh(Bh,Bh) = 0 then from the previous equation we get the inequality

‖Bh(t)‖2
L2(Ω) ≤ ‖Bh(0)‖2

L2(Ω) +
(
2‖C‖L∞([0,T ]×Ω) + ‖∇ · u‖L∞([0,T ]×Ω)

) ∫ t

0

‖Bh(s)‖2
L2(Ω); ds,

for all t ≤ T . Then using a Gronwall inequality we obtain

‖Bh(t)‖L2(Ω) ≤ ‖Bh(0)‖L2(Ω)e
(‖C‖L∞([0,T ]×Ω)+

1
2‖∇·u‖L∞([0,T ]×Ω))t, ∀t ≤ T.
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